Introduction
In this paper we continue to explore the conjecture posed in 13]. Let G be a real algebraic group and H G a (Zariski-)closed algebraic subgroup. Assume G=H is connected. In (iii) above, g and h are the Lie algebras of G and H, g is the real linear dual of g, and h ? = f' 2 g : '(h) = 0g.
Extensive motivation and evidence for the conjecture is o ered in 13] (and in several other sources|see below). Let us quickly recall some of it. First of all, strong evidence is o ered for the assertion that when G and H are algebraic, then (which is of course type I) manifests only three possibilities for the multiplicity function n in its unique direct integral decomposition = R b G n d ( )|namely, the multiplicity n is nite and bounded, nite but unbounded, or identically in nite|of course, ? a:e: in each case. ( is a representative of the Plancherel measure class of the homogeneous space G=H.) The CMC conjecture postulates two equivalent criteria for the rst eventuality. Next, we cite some of the afore-mentioned evidence. Speci cally, if G and H are nilpotent, (i) and (iii) are equivalent 2], (i))(ii) 3], and (ii))(i) is widely believed, although as yet unproven. If G=H is a symmetric space, conditions (i) and (iii) are true 14] (provided they are true|as expected|when G is reductive); and (ii) has been veri ed in many cases 13] . If G is exponential solvable, then again (i) and (iii) are equivalent 10] 11], and (i))(ii) is proven in 13, Prop.1] (with some additional conditions). Note that a violation of (iii))(i) for non-algebraic G is given by the well-known Gr elaud example 13,p. 31]. If G is compact and connected, then the CMC conjecture is proven in 4]. Also, some interesting examples in which the conjecture is true for G semisimple are presented in 13, Expl.5] (see also 15] ). Finally, it is worth mentioning 1], a generalization of which will serve as the primary context for this paper. In fact, the category of homogeneous space that we shall investigate here is (1.1) G=H; where G = H n N; N Heisenberg of dimension 2r + 1 and H Sp(r; R); for several di erent types of groups H. In 1] the conjecture is proven for homogeneous spaces (1.1) with H compact. We will test the truth of the CMC conjecture for spaces (1.1), but drop compactness on H. We will examine two basic examples as well as generalizations of each. The basic examples are H unipotent and H abelian. The generalizations are:
U H P where P is a parabolic subgroup of Sp(r; R) with U as its unipotent radical, and H G, an algebraic subgroup of full rank.
The paper is organized as follows. In x3 we consider unipotent subgroups. The main result is Theorem 3.1 and its proof consists largely of an explicit computation and examination of the Weil representation on the unipotent radical of a maximal parabolic subgroup of Sp(r; R). Theorem 3.1 should be taken as further evidence for the truth of the unproven implication (ii))(i) in the general nilpotent case. In x4 we treat abelian semisimple subgroups. The main result is Theorem 4.1, and once again an explicit computation of the Weil representation|this time on Cartan subgroups|is the primary vehicle. In x2 we prove some general results on the conjecture applying to a pair of groups G = H n N; G 1 = H 1 n N with H 1 H. Then, anticipating the results in xx3 and 4, we apply these general results to obtain the conjecture in the categories described at the end of the preceding paragraph. The precise statements of the results are in Theorems 2.6 and 2.8. Finally, in x5, we present a few possibilities of other homogeneous spaces for which further analysis is likely to lead to proofs of the CMC conjecture in those instances. We close this introduction with the remark that the arguments in x3, are very representative of how the proof of the CMC conjecture might proceed in general (or at least for more general spaces than those encountered in this paper), namely, through a judicious combination of semisimple structure theory, the Weil representation, the Orbit Method and the Mackey Machine.
Ancestral Inheritance
Henceforth we assume G = H nN r where N r is a Heisenberg group of dimension 2r+1, and H acts on N r by xing its one-dimensional center Z. Thus H , ! Sp(N=Z) = Sp(r; R) and we shall assume the latter is an injection. This is no real loss of generality since the kernel of the map is characteristic and divides out without a ecting any of the three conditions in the CMC conjecture. Thus H Sp(r; R). We 
Since the class of~ only depends on sgn( ), we can state the result even more precisely as follows. To emphasize the role of H, and to deemphasize the role of sgn( ), we shall write~ H for the representation~ on H. Now here is the key result. Proof. We shall demonstrate each of the three properties individually.
(i) This is easy since the multiplicity of G;H is that of~ H , and clearly~ H 1 j H =~ H . So if the latter has bounded nite multiplicity, so must the former. (This is because restriction and direct integrals commute.)
(ii) The manifold G H =H is di eomorphic to N = N r The left action of G H on N is comprised of the left action of N and conjugation by H. Therefore, we have an isomorphism D(G H =H) = U(n) H , of the G H -invariant di erential operators on G H =H with the H-invariants in the enveloping algebra of N. But clearly U(n) H 1 U(n) H . Thus the commutativity of the latter implies the same for the former.
(iii) This part is a little more di cult than the preceding two. We will actually state and prove the result as a separate (somewhat more general) Proposition 2. Theorem 3.1. Let P Sp(r; R) be any maximal parabolic subgroup, U its unipotent radical. Then all three conditions in the CMC conjecture are true for G U =U.
Theorem 4.1. Let C Sp(r; R) be any semisimple abelian subgroup. Then all three conditions in the CMC conjecture are true for G C =C i dimC = r, and all three are false otherwise.
We now combine Proposition 2.4 with these two theorems to obtain rather substantial generalizations of each. Theorem 2.6. Let P Sp(r; R) be any parabolic subgroup, U its unipotent radical. H to a maximal subgroup, it would have to be a maximal parabolic subgroup P 1 . The problem is that that new maximal parabolic subgroup P 1 containing H, might be di erent from P, the maximal parabolic subgroup that has U as its unipotent radical. Moreover, it is not clear that H must contain U 1 , the unipotent radical of P 1 . Nevertheless, I believe it is true that the collection of algebraic subgroups of Sp(r; R) which contain the unipotent radical of some maximal parabolic subgroup coincides with the collection of all algebraic subgroups H that satisfy U H P for some maximal parabolic subgroup P with unipotent radical U. Like Theorem 2.6, this is an immediate consequence of Proposition 2.4|this time combined with Theorem 4.1. Unfortunately, we cannot say anything about lower rank subgroups. In fact, if r = 2 and H = SU(2), then all three CMC conditions are satis ed. But (again with r = 2) if H is a one-torus, it can be situated in SU(2) so as to give either nite unbounded or uniformly in nite multiplicity 8,Expl.8.vii].
Unipotent subgroups
Our task in this section is the proof of Theorem 3.1. Let P Sp(r; R) be any maximal parabolic subgroup, U its unipotent radical. Then all three conditions in the CMC conjecture are true for G U =U.
Proof. The group G U is simply connected nilpotent. Therefore, by the fundamental results of 2], it su ces to prove either of conditions (i) or (iii), since either implies the other two. We will prove condition (i), namely that the quasi-regular representation has bounded nite multiplicity. We shall rst demonstrate nite multiplicity for the unipotent radical of a minimal parabolic subgroup, and then deduce the corresponding result for the unipotent radicals stipulated in the theorem. So let us x a dimension r and set U = U r the unipotent radical of a minimal parabolic subgroup of Sp(r; R). Then it is very well-known that U can be realized as a semidirect product U = T n S, where T is the group of unipotent upper triangular real matrices (of dimension r), and S is the group of r r symmetric real matrices. Note that there are r(r ? 1)=2 roots in the rst collection, and r(r + 1)=2 in the second.
The Lie algebra u of U is spanned by the corresponding root spaces, and one can read o the bracket relations from the subscript notation|i.e. two root vectors have non-zero bracket i the sum of the corresponding roots is a root.
In fact, the root spaces corresponding to the rst collection of roots span the Lie algebra of T, and those in the second collection span the Lie algebra of S. Now there are exactly r non-associate classes of maximal parabolic subgroups, and the corresponding unipotent radicals U j ; j = 1; : : : ; r, have Lie algebras obtained as follows: u j = the algebra generated by all root spaces for which the term j appears in the expression of the root (in terms of the simple roots). We shall set T j = U j \ T; S j = U j \ S. It is easy to see that U j is a semidirect product U j = T j n S j . But note that for j = r, the group T r is trivial and U r = S r = S.
So recall that the generic representations appearing in~ U are s = Ind TS T 0 S 1 s . According to Lemma 3.2, we must examine R sgn( )s<0 s j U j ds and demonstrate that it has bounded nite multiplicity. We shall accomplish this by proving the following two lemmas. is an induced representation restricted back to a second subgroup. But we observe that the second subgroup is normal, that is U j / U = TS. This is clear from the fact that if we add any root to another root which contains j in its presentation, then we either get a non-root or a root which again contains j in its presentation. So we need to consider the Subgroup Theorem in the instance that the restriction is to a normal subgroup. Let us give a statement of that result. Note that there is nothing special in the above argument about the case j = r. The application of 7]|to show s j S = Ind TS T 0 S (1 s )j S has a multiplicity-free decomposition|is even more basic in that case. Now let us complete the proof of Theorem 3.1 by verifying the spectrum equation (3.3) . We invoke the description in 5,x1] of the spectrum of P r ; P r = M r U r = M r S, the Siegel maximal parabolic subgroup with M r = GL(r; R).
(Actually, it is described in 5] on the cover of P r , but that will not be relevant as momentarily we restrict to unipotent subgroups where the cover is unnecessary.) The maximal unipotent subgroup U = TS satis es U P r since T M r . Now the description of =~ P r in 5] is of a representation acting on L 2 (R r ), which when restricted to U, yields: Lest one be tempted to speculate at this point that~ U 0 has bounded nite multiplicity for any \reasonable" subgroup U 0 of U, one need only consider the group T. In fact, by the usual Subgroup Theorem, we have
The latter is independent of s, thus the Weil representation~ T has uniform in nite multiplicity. Since the implication (ii))(i)
is not yet proven in the nilpotent case, it is conceivable that the algebra D(G T =T) could be abelian. We leave the relatively routine check that it is not to the reader. intersects the \cone"T + in the origin only or in an in nite subcone. In the former case, the translates of T ?
1 will intersect the cone in nitely many lattice points|but the number of intersection points will not be bounded over all the translates. Thus, we get unbounded nite multiplicity. In the latter case, the translates of T ? 1 will have in nite intersections with the cone and the multiplicity will be uniformly in nite.
Finally, how do we see that the orbit condition is violated? In the case of a Cartan subgroup C j , for generic ' as above, we have|using the notation of section 2|that G C j ' \ c ? j = C j N ' C j ':
The dimension of C j ' is clearly r, and the right-hand side of the displayed equation has the same dimension because the condition n '(c j ) = 0 eliminates precisely r + 1 variables from N. But when we take a subgroup C C j of lower dimension, what happens is that the dimension of C ' decreases (to that of dim C generically), while the generic dimension of N ' C ' increases (because of fewer constraints in the condition n '(c) = 0). Thus the orbit condition is violated for semisimple abelian groups of dimension lower than r, and the proof is complete.
